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In this paper, we demonstrate that the Wald’s entropy for any spherically symmetric blackhole
within an infinite derivative theory of gravity is determined solely by the area law. Thus, the infrared
behaviour of gravity is captured by the Einstein-Hilbert term, provided that the massless graviton
remains the only propagating degree of freedom in the spacetime.
Einstein’s general theory of relativity is a well-behaved
theory of gravity in the infrared (IR), reducing to New-
tonian predictions in the linearised limit, complete with
a slowly varying source term, at large time scales and at
large distances. The theory has been tested from solar-
system to cosmological distances [1]. Moreover, gravity
has been tested at short distances, and there has been no
departure from the 1/r fall of Newtonian potential up to
10−5 m [2].
One of the most intriguing properties of general rel-
ativity is that the gravitational entropy of any gravita-
tionally bound system, as in the case of a blackhole, fol-
lows an area law, depicting gravity as a hologram [3, 4].
This has been corroborated by the Bekenstein-Hawking
entropy of a blackhole [5, 6], as well as Wald’s inter-
pretation of gravitational entropy [7]. The entropy of
a blackhole has been the cornerstone of many advance-
ments in theoretical physics, for instance, in the context
of AdS (anti-de Sitter) and CFT (conformal field theory)
correspondence [9].
It is therefore curious to ask a question - what happens
to the area law of a gravitational entropy if gravity itself
gets modified in the ultraviolet (UV)? Could there be a
way to predict the form of higher order corrections in the
gravitational sector from the well-known result of gravity
being holographic? In some sense, one may ask - what
kind of corrections in the (UV) in the gravitational sector
would one require to maintain the holographic nature of
gravity?
Note that the simplicity of general relativity also leads
to problems in the ultraviolet (UV). At short distances
and at small time scales, the Ricci curvature blows up and
so too, the other observables. The theory admits well-
known spacetime singularities. For instance the black-
hole singularity, which is an incarnation of the New-
tonian potential, i.e. the potential blows up close to
any point source. Irrespective of the mass of the source
term, the theory admits a singular solution known as
Schwarzschild’s metric within a static limit. On the other
hand the theory also admits a cosmological singularity
appearing at small time scales, which can be seen even
in a homogeneous and an isotropic background solution,
such as the Friedman-Lema´ıtre-Robertson-Walker met-
ric.
The quantum corrections to the Einstein’s gravity may
emerge even before the 4-dimensional Planck scale,Mp =
√
1/(8πG). The most general higher order action for
gravity, which is generally covariant can be written (in
4-dimensions) as follows:
Stot = SEH + SUV
SEH =
1
16πG
∫
d4x
√−gR
SUV =
∫
d4x
√−g
[
(Rµ1ν1λ1σ1Oµ2,ν2λ2σ2µ1ν1λ1σ1 Rµ2,ν2λ2σ2) + · · ·
]
,
(1)
where the operator, Oµ2,ν2λ2σ2µ1ν1λ1σ1 , contains covariant opera-
tors, such as the D’Alembertian operator  = gµν∇µ∇ν .
Other contributions that are of higher order in curvature,
such as cubic in curvature, quadratic in curvature, and
so on and so forth are permitted by the general diffeo-
morphism.
Every operator  comes with a scale, M , which
could potentially lie anywhere between (10µm)−1 ∼
100 meV ≤ M ≤ 1019 GeV. In the context of string
theory, the scale M could be the Kaluza-Klein scale or
the compactification scale in 4-dimensions.
Even if we restrict ourselves to the lowest order, say
quadratic in curvature, there are infinitely many covari-
ant derivatives around Minkowski space [10, 11]. These
corrections are expected to arise very naturally in string
field theory [12, 13], where it is analogous to having all
orders of α′ corrections.
The aim of this letter is to compute the Wald’s grav-
itational entropy for the above infinite higher derivative
action for a static, spherically symmetric background in
4-dimensions. In particular, this letter will establish a
very intriguing link between the propagating degree of
freedom for the graviton and the gravitational entropy.
The upshot is as follows:
As long as a higher derivative theory of gravity does
not introduce any extra propagating degree of freedom,
and as long as the IR limit of such a theory yields
Einstein-Hilbert action, the contribution to the Wald’s
entropy due to the higher derivative corrections must
vanish, yielding the famous area law of gravitational en-
tropy, thus preserving the holographic nature of gravity.
As a consequence, the gravitational entropy of a black-
hole for a UV modified gravity such as in Eq. (1) will still
be given by the area law.
We begin by noting that the above action Eq. (1) can
be simplified a great deal. The differential operator act-
2ing on the right Riemann tensor yields terms which can
be integrated by parts. Couple this with the Bianchi
identities and the symmetry properties of the Riemann
tensor, it has been shown that the above action can be
recast as [10]:
Stot =
1
16πG
∫
d4x
√−g [R+ α (RF1(M )R
+RµνF2(M )Rµν +RµνλσF3(M )Rµνλσ
)]
, (2)
where α has inverse of mass squared dimension,and we
have defined M ≡ /M2 for convenience. The F ’s are
the three unknown analytic functions given by:
Fi(M ) =
∞∑
n=0
fin(M )
n , (3)
where fin are appropriate constants. The question we
are keen to explore is as follows: Is there any deep con-
nection between F ’s and the gravitational entropy? In
order to address this, let us now consider a simple static,
homogeneous and isotropic metric of the type
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2 , (4)
where Ω denotes the angular co-ordinates. This met-
ric has asymptotic behaviour in all three cases, i.e.
Minkowski, de Sitter and anti-de Sitter. The gravita-
tional entropy for any such metric can be defined in terms
of the Wald’s entropy [7], see also [8]. The definition
of Wald’s entropy follows the Bekenstein-Hawking’s area
law of a blackhole and the first law of blackhole ther-
modynamics, which has a clear geometric interpretation
through its identification with the Noether charge for
spacetime diffeomorphisms. The gravitational entropy
can be recast as a closed integral over a cross section of
the horizon for the metric given by Eq. (4).
For a spherically symmetric blackhole solution in 4-
dimensions, the Wald’s entropy can be written as [7]:
SW = −2π
∮ (
δL
δRabcd
)(0)
ǫˆabǫˆcdq(r)dΩ
2 (5)
where L is the Lagrangian, ǫˆab is the binormal vector
to the surface, where the indices {a, b, c, d} ∈ {r, t}, and
q(r)dΩ2 = r2(dθ2 + sin2 θdφ2). The superscript ”(0)”
indicates that the functional derivative is determined on
the background and the factor of 4 arising due to the
antisymmetric properties of the Riemann tensor and the
binormal vectors. We can then write the Wald’s entropy
as:
SW = −8π
∮ (
δL
δRrtrt
)(0)
q(r)dΩ2 (6)
In general, one can construct two normal directions along
r and t with
∮ ≡ ∮
r=rH , t=const. Moreover, the area of
the horizon is defined to be
Area =
∮
q(r)dΩ2 (7)
The Wald’s entropy corresponding to Eq. (2) can be com-
puted by calculating the functional derivatives of each
and every term in Eq. (2), resulting in two distinct con-
tributions to the entropy:
SW = S
EH
W + S
UV
W , (8)
given by:
SW =
1
4G
∮
[1 + α {2F1(M )R
−F2(M )×
(
grrRtt + gttRrr
)
−4F3(M )Rrtrt
}]
q(r)dΩ2 . (9)
For the metric given by Eq. (4), one can see that
gttgrr = −1, gtt = −grr, grr = −gtt. Subsequently,
(grrRtt + gttRrr) = −gabRab = −R, and similarly
−2Rrtrt = 2gttgrrRrtrt = gabgcdRdacb = R. With the
help of these identities, we can further simplify the above
expression:
SW =
Area
4G
[1 + α {2F1(M ) + F2(M ) + 2F3(M )}R] .
(10)
Interestingly, at large distances from any source term,
such as in the case of IR, the action Eq. (2) is dominated
by the Einstein-Hilbert term. It is a well known result
that for the Einstein-Hilbert action, the Wald’s entropy
is given by SW = Area/4G. The UV part of the gravi-
tational entropy contains a very interesting combination
of F ’s, which will play a crucial role in understanding
the UV aspects of gravity and its entropy. The profound
question arises - could we constrain the nature of F ’s
to some fundamental aspects of how gravity should be
modified in the UV?
Let us also note, that this modified action, Eq. (2), will
inevitably modify the graviton propagator. If F ’s contain
infinite derivatives, it would inevitably modify the gravi-
ton propagator in the UV. It is well-known that higher
derivative theories have ghosts at tree-level, for instance,
the 4th derivative gravity of Stelle’s [14] contains a mas-
sive ghost. Therefore, it is paramount to understand the
nature of the graviton propagator and its connection to
Wald’s entropy.
The exact form of the propagator for the above action,
Eq. (2), was derived in Refs. [10, 15]. In principle the
propagator can be recast in terms of the spin projection
operators [16], such as the tensor P 2 and the scalar op-
erator P 0s in the momentum space [10, 15].
Π(k2) ∼ P
2
a(k2)k2
+
P 0s
(a(k2)− 3c(k2))k2 , (11)
where a(k2), c(k2) can be written in terms of the original
F ’s contained within the modified action, as [10, 15]:
a(M ) = 1− 1
2
F2(M )M − 2F3(M )M (12)
c(M ) = 1 + 2F1(M )M + 1
2
F2(M )M (13)
3Further, since we wish to recover general relativity in the
IR, i.e. → 0, k2 → 0, we must have
a(0) = c(0) = 1 , (14)
corresponding to themassless graviton propagator for the
Einstein-Hilbert action. Now assuming that a(M ) =
c(M ), such that we can take a continuous limit from
UV→ IR, we have
lim
k2→0
Π ∼ 1
a(k2)
[
P 2
k2
− P
0
s
2k2
]
→
[
P 2
k2
− P
0
s
2k2
]
. (15)
From the above Eqs. (11,12,13,14,15), there are some cru-
cial observations to make:
Ghost free condition: Note that UV modifications
of gravity should be such that the action must have a
smooth IR limit. It follows that Eq.(14, 15) must be sat-
isfied, i.e. the k2 = 0 pole just describes the physical
graviton state. This also implies that the action Eq. (2)
maintains causality and the ghost free condition as long
as there is no new pole introduced by the analytic func-
tion a(M ). The fact that the theory must be ghost-free
boils down to simply requiring that a(M ) is an entire
function, and a(M )−3c(M ) has at most a single zero,
the corresponding residue at the pole would necessarily
have the correct sign, since the entire function does not
have any poles in the complex plane, containing only an
essential singularity at the boundary [10].
Essentially, the above Eq.(14) means that a(M ) and
c(M ) are non-singular analytic functions at k
2 = 0 and
therefore cannot contain non-local inverse derivative op-
erators.
Constraints: Since, we do not wish to introduce any
new extra degrees of freedom other than the massless
graviton throughout the IR to the UV, we require a con-
straint relationship between the F ’s from Eq. (12,13):
a(M ) = c(M )
⇒ 2F1(M ) + F2(M ) + 2F3(M ) = 0 . (16)
The above conclusions have intriguing consequences
for the gravitational entropy - reducing Eq. (16) to the
Wald’s entropy, see Eq. (10), of a spherically symmetric
blackhole, as is the case for the standard result of SEH :
SW = S
EH
W =
Area
4G
(17)
This is an important result, the holographic nature of
gravity remains preserved in spite of the non-trivial mod-
ifications of gravity with infinite derivatives in the UV.
The UV contribution to the gravitational entropy is sim-
ply SUVW = 0, for a metric given by Eq. (4). This result is
a shear consequence of the graviton being massless and
the requirement of not introducing of any new propagat-
ing degrees of freedom for the graviton.
This leaves us with a profound question, why is the
gravitational entropy SUVW = 0? As such our constraint
Eq. (16) is very generic and, other than the massless na-
ture of the graviton, does not shed any light on the nature
of gravity in the UV. Apriori, we do not know whether
the gravitational interaction in the UV becomes weak or
strong. However, the form of F ’s do tell us of some inter-
esting aspects of gravity in the UV - namely, the gravi-
tational interaction becomes non-local [10, 11] and helps
us to understand the quantum behaviour of gravity at
higher loops, i.e. above 1-loop there are indications that
the theory is convergent [17–20]; explicit computations
have been performed in a toy model up to 2-loops [20].
Further note that SUVW = 0 will have a very interesting
consequence for the the third law of thermodynamics in
the context of gravity, which might hint towards the abso-
lute ground state of gravity, when the condition, Eq. (16),
is imposed for the action SUV .
Gravity, being a gauge theory, contains all its inter-
actions within the kinetic term. If the graviton propa-
gator is modified by Eq. (15), the vertex factor for any
graviton-graviton interaction will also be enhanced by
a factor a(k2). One such study has been performed in
the context of singularity free gravity [20], where the
form of a(k2) ∼ ek2/M2 has been suggested, motivated
by string field theory, where the vertex operator get sim-
ilarly exponentially enhanced. In this particular case, it
has been shown that the blackhole singularity for a spher-
ically symmetric metric disappears in the linearised limit,
therefore ameliorating the UV nature of gravity [10] 1.
At this point, however, it seems Eq. (17) is a very
generic prediction for such an infinite derivative theory
of gravity, irrespective of the actual form of a(M ), as
long as a(M ) does not contain any additional poles.
So far, our analysis is very generic and applicable to
the full action Eq. (2). We may gain further insight into
the Newtonian potentials of the metric by assessing the
linearised metric, such that it becomes an asymptotically
flat spacetime. Let us assume that the (t, r) compo-
nent of the original spherically symmetric metric, Eq. (4),
takes the form:
ds2 = −(1 + 2Φ(r))dt2 + (1− 2Ψ(r))dr2 , (18)
where 2Φ(r), 2Ψ(r) ≪ 1. In fact, Φ and Ψ are the two
Newtonian potentials. One can then ask: What should
be the Wald’s entropy in the linearised limit of the ac-
tion given by Eq. (2)? For the above metric, Eq. (18), we
can evaluate the Wald’s entropy, simplifying the expres-
sion by considering a static solution. The gravitational
entropy is then given, at the linearised order, by
SW =
Area
4G
{1 + 2Ψ− 2Φ
+α [2F1(M ) + F2(M ) + 2F3(M )] (−2Φ′′)} .(19)
1 The full non-linear equations of motion are extremely difficult
to tackle, see [21]. So far only a cosmological solution has been
constructed from the full equations of motion [11].
4where ′ denotes the derivative with respect to r. Note
that when Ψ = Φ and 2F1+F2+2F3 = 0, for any source
term within the linearised limit, the gravitational entropy
duly reduces to that of the SEHW . The conditions are ex-
actly the same as that of our complete analysis. Indeed,
it would be interesting to seek scenarios when the area
law of a blackhole might incur modifications. One might
imagine departing from the assumption of spherical sym-
metry, in which case it is possible to realise Φ 6= Ψ.
However, the other possibility, when a(M ) 6= c(M ),
is more interesting. This condition would immedi-
ately imply that there are additional poles in the gravi-
ton propagator, other than the massless graviton, see
Eqs. (11, 15). For instance, L ∼ f(R) gravity, which
is very popular due to its simplicity contains an extra
scalar degree of freedom other than the massless gravi-
ton, see [15]. Any UV modification with f(R) gravity
would therefore contribute to the gravitational entropy
besides SEHW . However, such class of gravity does not
ameliorate the UV aspects of gravity at all [10]. Simi-
larly, the conformal invariant gravity, L = R− αC2 con-
tains massive spin-2 degree of freedom other than the
massless graviton [10, 15]. Moreover, this massive spin 2
degree of freedom comes with a wrong sign in the gravi-
ton propagator, thus revealing a massive ghost. Both
these examples are a subset of the above action Eq. (2),
and suggest that one of F ’s should be zero. Of course,
a consequence of such a vanishing function F is that the
action would be incomplete from the UV point of view.
Before we conclude, let us briefly bring the reader’s
attention to this final intriguing point. The condition
a(M ) 6= c(M ) seems to have some relevance for cos-
mology. Unlike the blackhole case the cosmological sin-
gularity cannot be avoided by assuming a(M ) = c(M )
as shown in [11, 22, 23]. One requires additional degrees
of freedom other than the massless graviton, which re-
mains a tantalising issue - leading one to ask why the
respective natures of these two singularities are so differ-
ent? And why the fundamental nature of the graviton
has to deviate to understand these two problems ?
In conclusion, we have found a very intriguing result
for a class of ghost-free, infinite derivative theory of grav-
ity - the gravitational entropy for a spherically symmetric
metric is solely given by the Einstein-Hilbert action. The
area law of gravitational entropy is the main contribu-
tion arising from the IR aspect of gravity, while the UV
contribution ( from an action up to quadratic in curva-
ture ) of the gravitational entropy vanishes exactly. This
happens due to an interesting connection between the
propagating degrees of freedom for the graviton - if the
massless graviton remains the only propagating degree
of freedom in the spacetime then there will be no other
contribution to the gravitational entropy other than the
Einstein-Hilbert term’s contribution. In generality, at
least in the spherically symmetric case, gravity remains
holographic! Our result, SUVW = 0, will have some deep
consequences for the third law of thermodynamics in the
gravitational system, which we shall explore in the fu-
ture.
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